We show that strong solutions of 2D diffusive Oldroyd-B systems in R 2 decay at an algebraic rate, for a large class of initial data. The main ingredient for the proof is the following fact; an Oldroyd-B system is a macroscopic closure of a Fokker-Planck-NavierStokes system, and the free energy of this Fokker-Planck-Navier-Stokes system decays over
Introduction
We are interested in the long-time dynamics of the following system, which is called a diffusive Oldroyd-B system. It reads the following:                ∂ t u(x, t) + u(x, t) · ∇ x u(x, t) = ν 1 ∆ x u(x, t) − ∇ x p(x, t) + µ∇ x · τ (x, t), ∇ · u = 0,
u(x, 0) = u 0 (x), ρ(x, 0) = ρ 0 , τ (x, 0) = τ 0 ,
where ν 1 , k, µ > 0, and ν 2 > 0 are constants representing viscosity, inter-particle diffusivity, strengh of the stress due to polymer, and center-of-mass diffusion effects, respectively. This system is widely used to model viscoelastic flows. We will consider the case of the spatial domain R 2 , although we will also briefly discuss the case of the spatial domain T 2 . In the case of T 2 , it is customary to put ρ(x, t) ≡ 1. The system (1) is extensively studied in the literature. Barrett and Boyaval proved global existence of weak solution in [1] . In [5] , Constantin and Kliegl proved global well-posedness of strong solution. Plan, Gupta, Vincenzi, and Gibbon calculated Lyapunov dimension of the system (1) under the assumption of the existence of global attractor in [22] . This system is a formal macroscopic closure of Fokker-Planck-Navier-Stokes system, and a rigorous justification is provided recently by Barrett and Süli in [2] . The author, in [16] , extended the result in [2] to a larger class of data and provided a rigorous proof of the fact that the free energy of the system decreases over time.
The models with ν 2 = 0 are called non-diffusive models, and they are also widely studied. Guillopé and Saut proved local existence, uniqueness of strong solution, and global existence of strong solution for small initial data, in the case of bounded domain, in [11] and in [12] .
The system (1) can be obtained from the Fokker-Planck-Navier-Stokes system as a macroscopic closure of it: from the system
by letting τ = σ − ρI, we obtain (1). In [16] , we proved the following:
where
Then there is a unique global solution for the system (2), smooth enough for u and σ, and it satisfies the following free energy estimate:
is the equilibrium distribution.
Note that given ρ 0 , σ 0 satisfying
the distribution f 0 given by
and (u 0 , f 0 ) satisfies the condition (3) . By the uniqueness of the solution of diffusive Oldroyd-B system, we conclude that the for the solution (u, f ) of (2) with initial data (
Decay of stress and Boundedness of velocity
In this section, we prove the following theorem.
Theorem 2. Suppose that u 0 ∈ PW 2,2 and ρ 0 , σ 0 satisfies (6) and ρ 0 ∈ L ∞ . Then the system (1) has global unique solution whose initial data is
where C * depends only on the initial data and coefficients.
Remark 1. In the periodic case (x, t) ∈ T 2 × [0, ∞), the same argument in this section we obtain the corresponding result
One difference between the system in [5] and system (1) is the presence of diffusion in the evolution of ρ, and this allows us to use uniform decay result given in [27] . In this section, C denotes constants that do not depend on the size of initial data or parameters ν 1 , ν 2 , µ, and k. The constants depending on them are denoted by C 1 , C 2 and so on. First we briefly review the technique in [24] and [27] to show the decay of ρ. From the fourth equation of (1) we get
Then by Plancherel's theorem we have
Noting that
and multiplying (t + 1) 2 to each side and integrating in time gives
For higher L p norm, let p = 2 s , q = 2 s−1 , with s ≥ 2. Multiplying pρ p−1 to the same equation and integrating, and applying integration by parts we get
and since
and
Applying the decay estimate for L 2 repeatedly, and noting that by maximum principle
We establish estimates on u and τ . First we start with a simple lmma.
Proof. We only need to establish the bound for t → ∞, which is obvious by L'Hôpital.
Proof of Theorem 2 . First, from the free energy estimate (5) we get
where C 1 depends only on initial data. Next, by multiplying τ and integrating the third equation, we have
Then using (19) and Ladyzhenskaya's inequality
valid in two dimension, we obtain
then we get
but from (21) and Lemma 1 we have
Also, estimates (24) and (27) give us
(28) By taking curl to the first equation of the system (1), we obtain
where ω = ∂ 1 u 2 − ∂ 2 u 1 is the vorticity. Then we have
and by (28) we have
To
(32)
The first term in the right hand side is bounded by, using Ladyzhenskaya's inequality and Young's inequality,
We apply the integration by parts, and then Ladyzhenskaya's inequality to the second term to obtain
and by applying Young's inequality we can bound the second term by
The last term is bounded by
To sum up, we have
Applying Grönwall with Lemma 1 we have
We can also get an estimate for ∇ x ω 2 L 2 ; by multiplying −∆ x ω to the vorticity equation (29) and integrating, we have
where 2 p + 1 q = 1. Our choice of p and q are p = q = 3. By the Gagliardo-Nirenberg interpolation inequality
and Young's inequality, we have
, we have
Trτ (45) we obtain
Therefore,
Finally, by multiplying −∆ x ρ to the fourth equation of (1) and integrating, and using Ladyzhenskaya's inequality we have
and by Grönwall
Remark 2. We will make an improvement for (24), (37) and (46). For (24) we used the bound
We may instead use
Then we have
(52)
In the later section, we show that
by (37), and τ L 1 by (46).
Decay of the strong solution
Theorem 3. Suppose that u 0 ∈ PW 2,2 and ρ 0 , σ 0 satisfies (6) and ρ 0 ∈ L ∞ . Furthermore, suppose that u 0 ∈ L 1 . Then there is a constant C * * depending on initial data and parameter such that
Proof. We first follow the methods presented in [23] . Let
We apply the estimate for the decay of ω(t) 2 L 2 . From the vorticity equation we have
and by Plancherel's theorem
(56) To summarize, we have
We need a pointwise estimate ofω(ξ, t). For that purpose we investigateû(ξ, t). The phase space version of the velocity equation of (1) reads
and from
given that u 0 ∈ L 1 . Therefore, since |ω(ξ, t)| ≤ |ξ||û(ξ, t)| ≤ C * (|ξ| + 1). Therefore,
, and by multiplying (t + 1) 2 to (57) we obtain
and therefore
.
In addition, as we mentioned in Remark 2, this gives a better decay rate for τ :
Finally, from (43), using ∇ x ω 2 L 2 ≤ C * and previous estimates we have
and adding multiples of (37) to (43) to cancel
in the right side of (43), we obtain
(64) Then applying the same Fourier splitting technique, together with the pointwise bound
we obtain
and from this we conclude that
We put (67) into (63), and then we repeat the last estimate to obtain
Now we are ready to prove decay of u(t) L 2 . We follow the argument in [28] .
where v(t) is the solution of the heat equation
Theorem 4 ( [28] ). Let u be a strong solution of Navier-Stokes system
). Then we have the following.
1. u(t) L 2 → 0 for t → ∞.
If
1 , then u(t) 2 L 2 ≤ C(1 + t) −1 . 3. Furthermore, the solution u is asymptotically equivalent to the heat system (70) in the sense that u(t) − v(t) 2 L 2 ≤ C (log(t + e)) 2 (t + 1) −2 .
The proof of Theorem 4 is based on the Fourier splitting technique. The proof of Theorem 3 is completed by the following Lemma.
Lemma 2. Suppose that u 0 , τ 0 , ρ 0 satisfy the initial conditions in Theorem 3. Then (u 0 , ∇ x ·τ ) belong to the set D (2) 1 , where (u, τ, ρ) is the solution of (1) with initial data (u 0 , τ 0 , ρ 0 ).
proof of the Lemma. Since ∇ x τ (t) L 2 ≤ C * * (t+1) 3 2 , ∇ x τ ∈ L 1 (0, +∞; L 2 (R 2 ) 2 ). Furthermore, by the same Fourier splitting technique, 
and since |τ (s, ξ)| ≤ τ (s) L 1 ≤ C * * (s+1) 
then we have v(t) 2 L 2 ≤ C * * (t+1) , as desired.
Conclusion
We proved that strong solutions of 2D diffusive Oldroyd-B systems in R 2 decay over time at an algebraic rate, given that the initial data satisfy mild restrictions originating from the kinetic considerations.
